Hyperbolic geometry: isometries
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Visualisation Of isometries in P2 (source: http://mediatum.ub.tum.de/doc/1210572/document . pdf)

a) Translation ) Rotations
(c) Reflections (d) Glide reflections

Are there others?


http://mediatum.ub.tum.de/doc/1210572/document.pdf

Isometry < matrix

orthogonal matrix := AlA= | <

1 0 O
t _
Euclidean Hyperbolic A A=|0 1 0
. e 0O 0 1
transformation T
preserves metric Lorentz matrix :=
-1 0 O -1 0 O
Atlo 1 o|A=[{0 1 O
= = 0 0 1 0 0 1
T(x) = Mx+v
M = orthogonal matrix T = L-matrix orthonormal basis :=
(orthonormal columns) (L-basis columns) S
V=
Vi'VjZO
Lorentz basis :=
Vi v-—{ -1 i=1
PLYITY 1 =23

V,'-LVj=0



© Lorentz matrix determinants

Lorentz matrix A defined as

o

-1 0 0 -1 0 0
Atlo 1 ola=|o0 1
0 0 1 0O 0 1

The determinant of a Lorentz matrix must be:

@ #0
o =1
0 =-1

© none of the above



2
@ Lorentz matrix = H2—isometry?

We will soon prove that: (2] H2—preserving?

T = Lorentz matrix < T is - —preserving in R Recall:

Can we conclude from this that any Lorentz )
matrix is: H® = {V € R?>0 VLV = —1}
© Hj-preserving?
Recall: o )
an H< isometry?
2 _ 20 12 3.y vy
H3=H2U-H? = {veR®:v- v=-1} Secall

dy2(a,b) = arccosh(—a- b)

— T @ If not, what conditions do we need to
7™ add? Is it enough to add:

© 3p € H? such that T(p) € H??



d-preserving in H? — -L-preserving in H?2
Since d and -| are inter-expressible:
d(a,b) = arccosh(—a-. b)
a- b=-cosh(d(a,b))

In more detail:
Theorem. Isometries T : HZ — H? preserve .

Proof. Recall the definition:
d(a,b) := arccosh(—a-; b)
Equivalently:
a- b=—cosh(d(a,b)) (*)

Thus
T(a)- T(b) =-cosh(d(T(a),T(b))) by~
= —cosh(d(a,b)) since T is an isometry
=a- b by * O



o-preserving H? isometry = matrix

» Let T be an o-preserving H?2 isometry.

» T preserves dtoo — T preserves
t-coordinate  (T(O)=0)

» The “flattening function” a—ais a
bijection H? — R2.

» Consider the “flattened T" T: if
T(t,x,y) = (t',x,y’) then
T(xy) =(x.y").

>

»

>

Tis - -preserving: a- b =T(a)-  T(b) or
) Il I
—tatp+XaXp+Yayp = —tat, +XgXp +YaY
and t-preserving (hence tgt), = t{,t’b), o)
A/ rog
XaXp +VYaYp = Xaxb + YaVb
= Tis --preserving = T is

dg2-preserving = T is an [
isometry.

T is an o-preserving E? isometry = T

is an orthogonal matrix A.

T is t-preserving
= T((txy)) = (tT(xy)) =

1 0
T‘(o A) -



any H?2 isometry = matrix

» Known for o-preserving isometries. and translation

coshs sinhs O
sinhs coshs O
0 0 1

> Let T be any H? isometry.

» By combining the known isometries

rotation we can find an isometry invertible

matrix S such that So T(0) =o.

1 0 0 » SoT =o-preserving isometry = matrix.
O cosd —sind > T= S 0 SoT = matrix. [J
0 sing cosd matrix matrix



What kinds of matrices occur in H? isometries?

| | |
M= (m1 my mg3 | d-preservingin H?
| | |

> M -,-preserving in H2 < follows from the interexpressibility of
-

dand -:
< M - -preserving in E>
S _{ -1 =1 d(a,b) = arccosh(-a-, b)
<~ L 1 i:2,3 a-Lbz—Cosh(d(a,b))
m; - m] =0

-1 0 0 -1 0 0
—mMilo 1 olM=|l0 1 O

0O 0 1 0O 0 1



What kinds of matrices occur in H? isometries?

| | | Proof of = . Let
M= (m1 my mg) d-preserving in H?
| I |

(1) (ﬁ V2
) . . a=|0 b=1| 1 c=| 0
<= M . -preserving in H 0 0 1

<= M . -preserving in E3
A a,b,ce H? since t2 =1+ x% + y2.
— | =

m; - m; = { , Span(a, b, c)=R? since linearly independent:
1 =23
m; -, m; =0 1 V2 V2
-1 0 O -1 0 O det(a,b,c) = 8 ; (EI) =1 #O
—=M|o 1 o|lM=|0 1 0O
° 01 °© o1 Soanyve RS can be expressed in this basis:

v=via+vyb+vsc.



What kinds of matrices occur in H? isometries?

| | |
M=|m; my m3| d-preservingin H?
| | |

<= M [ -preserving in H?

<= M . -preserving in E3

1 i=1
m;-m; = { 1 i=2,3
m;- m; =0
-1 0 0 10 0
—Mi[o 1 o|lmM=[0 1 0
0 0 1 0 1

Proof of = (cont.)

Mv - Mw
=M(via+ vab +v3c) - M(wqa +wab +wsc)
use basis vectors a,b,ce H?
=(viMa + voMb + v3Mc) | (wiMa + woMb + w3Mc)
M = matrix = linear
=viMa-  wiMa+viMa-  woMb +---
XL (Y+2z)=x-py+x-1z (cf. —titp +Xx1X2 + y1Y2)
=viwiMa-  Ma+viwoMa- Mb +---
x-Lky =k(x-Ly)
=viwja-a+viwoa- b+---
M - -preserving on H? vectors by hypothesis
:(v1a +vob+ V3C) L (w1a +wyob+ W3C)
=vyw [



What kinds of matrices occur in H? isometries?

| | |
M=]m; my m3| d-preservingin
| | | Mv - Mw
< M .| -preserving in H2 :(V1m1 +vomy + V3m3) ‘L (W1m1 +womy + W3m3)
matrix multiplication written out in terms of cols

12 Proof of «<—

<= M | -preserving in E3
=Viwimsq - mq +Vvowomy | My +Vv3wzmg - m3

M- m; = { -1 ’ =1 + (cross terms)
1 1=23 expanding using calculation rules for -|
m; - mj =0 =:V1W1+V2W2+V3W%
10 0 10 0 vAw
—mMtlo 1 olm=lo 1 o <= my, my, m3 have the Lorentz basis properties
0O 0 1 0O 0 1



What kinds of matrices occur in H? isometries?

M=|m; my; mj3 d—preservinginH2

I I I
<= M | -preserving in H?

< M - -preserving in E3

1=t

m;-.m; = { 1 =23
m,-~Lmj=O

-1 0 0 -1

—mM!lo 1 o|M=]|0

0 0 1 0

Proof of <—

-1 0 O
Milo 1 O|M
O 0 1
— m —\(-1 0 0\ | I I
=[— mpy —|]O0 1 Of{m my m3
— mg —J\0 O 1/ | I
- m —=\(-l - -
={— my —||m my mg
— mg —/ | I I
mi. . mg My my My ‘LmS)

=(m2- Mg Mz My My M3
mz- M Mz My Mz M3

-1 0 O
=10 1 O
0O 0 1

<= my, my, m3 have the Lorentz basis properties

|



@® What do the Lorentz basis conditions say about the
geometry/positions/directions of the basis vectors?

Recall: x-; v ~ how much x “agrees with”
(points in the same direction as) v/ (the
mirror image of v in the xy-plane) Vj-LVj= {




© Visualise the Lorentz bases

1 i=1
v = 1 i=2,3

V,'-LVjZO

PO i S E R Y

1 00
identity: |[O 1 O
0 0 1

1 0 O
reflection: [0 1 O

0O 0 -1

1 0 0
rotation: (O cosd —sinq))
O sing cosd
coshs sinhs O
translation:(sinhs coshs O)
0] 0 1
coshs sinhs O
glidereﬂection:(sinhs coshs 0)
0 0 -1



@ Example with first column ¢ H2

0O -1 O this basis is
O o0 -1 a
» is a Lorentz matrix Mlb
> is not an HZ isometry
» columns form a Lorentz basis

(—1 0O O ) then the coordinates of the reflected p in
A=

With respect to standard basis: 1
10 0 @ |0
reflection T = (O 1 O) 0
0O 0 -1 1 0 O
Write T as a matrix with respect to the basis © )
given by the columns of A. In other words:

if
-1 0] 0 -1 0 O
p=al O |+b|-1|+c] O @0 -1 0
0 (0] —1 O o0 -1




What are all possible Lorentz matrices?

As in the Euclidean case:
viv=0 = —t?+x*+y?=0
M 3 x 3 matrix = 3 real eigenvalue A i . 5
= v is asymptotic to H

Euclidean isometry M preserves - so:

For example
V-v=Mv-Mv=Av-Av=2A%v-v V= 1
= A=+1 0
Hyperbolic isometry M preserves - so: t

Vi V=MV Mv=Av Av=A%v v

= A=+1 or v4v=0

The “new” case v+ v =0 corresponds to a
new kind of isometry.




Is there a Lorentz matrix with eigenvector (1,1,0)?

Start with a general matrix M. Impose the
condition that (1,1,0) is an eigenvector:

my mpp myg) (1 mq1+mo
my1 My mog | 1]=]my+my|=
mzy mgzy ms3) \O mazq+msp

This restricts M to

my A—my mg3

my; A—my moy3

mz;  —mgzp M3z
There are 7 unknowns left. Requiring M to
be a Lorentz matrix

{ 1 i=1
m;:m;=
rL 1 i=2,3

m,"l_mj=0

imposes an additional 6 conditions

'L Mg my mg3
m; -1 0 0
my 1 0
m3 1

suggesting that there should be a

one-parameter family of solutions. Indeed

it turns out that

22 _n2

2
M=| p* 2-p?

7 2

p -p 1



2

p2+2 —p?

% "] visualised in H?
Zz 2 P
p -p 1

=0 (identity) '\~ p=04 \\/ p=0.8 \\/




2 2
42 -
= g :J
1

2 | visualised

2
-p

Isometry [

° NN

Plane y = c(t—x) — plane y = (c+p)(t—x).
The planes all share the eigenvector axis.

“Rotation about ideal point.”




Isometries of H2

1 OO0
identity 0] 0

0O 0 1

—_

[N

1 O O
reflection 0 0

0O 0 -1

1 0 0
rotation |0 cosd —sino
0 sing cosd



coshs sinhs O
translation (sinhs coshs 0)
0 0 1 \
coshs sinhs O
glide reflection (sinhs coshs O )
0 0 —1 \
rotation about ideal point P2 2-p* p
2 2

p -p 1




Comparison of rotations, ideal point rotations, translations
rotation ideal point rotation translation

h-rotation

fixed points 1in interior O in interior O in interior
1ideal on boundary 2 ideal on boundary
invariant curves circles centered “circles” touching line of translation and
(“orbits” of points on fixed point fixed point its equidistant curves

under repeated T)

@ Interpret in terms of the pseudo-sphere. 4



@ Example: reflection in given plane

Let ¢ be the line (great hyperbola)
determined by the plane span(vq,v2)
where vy = (v/2,0,1) and v, = (0,1,0).

\\‘\
N /

100
The reflection Rfly = (0 10 ) with respect

. 00 -1
to a suitable Lorentz basis
Vil _{ -1 i=1
e O

V,'-LVj=O

© Find such a basis. v3=
(1,0,v2), (1,0,-v2), (v2,0,1),
(v2,0,-1), (-v2,0,1), (-v2,0,-1)
@ Is v3 uniquely determined?
@ Yes. @ No, —v3 also works. @ No,
other.

@ In the new basis, 0 =
(1,0,v2), (1,0,-v2), (v2,0,1),
(v/2,0,-1), (-v2,0,1), (-v/2,0,-1)
(2] Rﬂg(a) =
(1,0,v2), (1,0,-v2), (v2,0,1),
(v2,0,-1), (-v2,0,1), (-v2,0,-1)

© d(o,vy) =arccosh(-0- vy) =

© d(Rfl,(0),Rfl¢(v1)) =



© 2nd example: reflection in given plane

Let ¢ be the line (great hyperbola) © What is the “simplest” point on ¢?
determined by the plane 2t = v/3x + v/3y. © What conditions do v, need to fulfil?

(Consider Rfl, matrix and Lorentz basis
conditions.) Find the “simplest” vs.

Finding vz is straightforward algebra from
the Lorentz basis conditions.

@ Is v3 uniquely determined? Or would
—v3 work equally well?

The reflection Rfl, = (
to a suitable Lorentz basis
Vel v _{ -1 i=1

L 1 =23

V,'-LVjIO



