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Overview

Claim:
O-preserving isometries isometries
= orthogonal matrices M Mx +v
E? Rg, S Tr, Rot, Rfl, Gl
+1 O
E3 (— ) ?
0 Rg
E" ? ?
Notation:
(J_r1 ) £ .
= cos® —sinQ
Ro

sing  cosQ



Classification of matrices occurring in isometries of E3
T isometry of E2 = T=Mx+v

M 3 x 3 matrix = eigenvalue equation det(M —Al) =0 has degree 3

= Jreal eigenvalue A

M length-preserving = no vector magnified or shrunk

= A=+1
I1:= plane through O perpendicular to eigenvector v,

M angle-preserving = plane_lv) — planeLMv; = +v;
= J[I—11

M restricted to IT = M corresponding to isometry of E2
= R(p or S(p: Rﬂ/



. S . +1 O
Matrices occurring in isometries of E3 =
O Re
A=1 A=-1
1 0 -1 0
M =Re Roty, ¢ = ( o R(p) Roty, ¢ o Rflrp = ( o R<P)
Ml =Rfl,

-1 0 1 0
Rﬂspan(v;»,é) = (O I) Roty x = (0 Rn)
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E3 isometry matrices composed with translations

+1
any E2 isometry T(x) = (6 RO )x+v 1.0 0) . 4 0 a
¢ T=l0 1 O (0 R |x+|b[+]0
basis corresponding to this 0O 0 1 ¢ c 0
,bz,bg = . .
matrix representation
V:=span(by,bz) = plane of Rg 10 1 0 0 d
={0 1 (O R )x+ b||+
0 0 0 ¢ c
v=|b|=|b|+]|0|=vy+vVv, y N ~
0 . T
T2oTy

C
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E3 isometry matrices composed with translations

ROtIineJ_V,(p

T1(x) =TroRot = .
Trvv |f (P =0

(3100 2 )

Rotc,¢(x) =

= :R(pX+V




E3 isometry matrices composed with translations

Recall:

RﬂgX+Vig =Rﬂé+%vﬂ(x)




Classification of E3 isometries T = TooT,y

T2=Trv,y T2= RﬂV+%VJ_V

T1 = ROtIineJ_V,(p

T1 = Trvv

SCline Lv,@v 1y RotRfl

V+%vlv,lineiv,(p
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O-preserving isometries isometries
= orthogonal matrices M Mx+v
E2 Rg,So Tr,Rot, Rfl, Gl
+1 0
E3 ( ) Tr, Scr, RotRfl, G
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@ Orthogonal matrices in R"

M orthogonal n x n matrix = M= Ro

for a suitable choice of orthonormal basis; p,q,r =0, @1,...¢Qr € (-7, 7], p+q+2r=n.
The M’s we found for E3:

p q r ¢
1 0
o n)
-1 0
(o )
-1 0
[0 7

o =l




© What kind of isometry?

o3 ]

Recall: any isometry of E2 € {Tr, Scr, RotRfl, Gl}. Is it direct or indirect?



Earlier results that generalise

points® determine an Anyisometry=prod- ... options for isometries left
isometry. (* not all in a E"~' uctof... reflections. when effect on E"~ fixed.
subspace)
E |2 2 2
E? | 3 3 2

E" | nH n+1 2



© Indirect isometry of E" — direct isometry of E"*1?

E reflection in x-axis =Sy (det =—1: indirect)

o °)

)L> — Y

0O Rz

1 0 O 1 0
~ -1 0|= ( ) = E rotation about x-axis (det =1: direct)

0O 0 -1

© Can we generalise?



Alternative definition of line

Suppose we had taken as our definition of
line sets of the form

X eE2:d(A X) =d(B,X)}

Advantages of this definition:
> Fits better with the theorem
perpendicular bisector of AB

= {points equidistant to A, B}

that we have used several times.

» Enables a simpler proof that lines —
lines under isometries T, namely:

If
L={XeE?:d(AX)=d(BX)}

L' = X e E2: d(T(A),X) = d(T(B),X)}
then

S

Pel = d(A,P)=d(B,P)
= d(T(A),T(P)) = d(T(B),T(P))
= T(P) el

and

Qel’ = d(T(A),Q) =d(T(B),Q)

= d(AT(Q)=d(B,T7'(Q))
= T '(Q)elL

Hence T(L) =L’ = aline.



© still aline in EN?

XeE":d(AX)=d(B,X)}



What is geometry?

How to “demarcate” or “pick out from the environment”?

all visual impressions

all sounds
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Demarcating geometry according to Poincaré

flipping a card changing colour of a liquid
= cancellable through isometry/motion = not cancellable through motion/isometry
= geometrical transformation = not a geometrical transformation




