Pi, Ludolph van Ceulen, and the Challenge of
Mathematics™
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* Address delivered (in Dutch) on July 5th, 2000, during a meeting in the Pieters-
kerk (St. Peter’s Church) in Leiden, on the occasion of the unveiling, by his Royal
Highness Prince Willem Alexander van Oranje, of a memorial tablet for Ludolph
van Ceulen. The tablet is a recent replica of van Ceulen’s tomb stone, which
disappeared in the 19th century (cf. Note 1 below). The meeting was organised
by the Dutch Wiskundig Genootschap (Mathematical Society) under the auspices
of the Koninklijke Nederlandse Akademie van Wetenschappen (Royal Netherlands
Academy of Sciences). It was incorporated in the programme of the Fourth Algo-
rithmic Number Theory Symposium (ANTS IV), held in Leiden, July 2-7, 2000.
The Dutch text of the address is published as [3]. Another address, on pi, was
given during the meeting by Peter Borwein ([2]), and music by Sweelinck was
performed on the Pieterskerk’s organ by Joseph Steenbrink.



Your Royal Highness, Ladies, and Gentlemen —

It is a strange fate that befell Ludolph van Ceulen: history reduced him to
the man who calculated the number pi correctly up to 35 decimals, and had
the result carved on his tombstone.!

Ludolph used the method by which Archimedes some 2000 years before
had calculated two decimals. Indeed it is Ludolph’s perseverence that im-
presses us, not his originality — “steel-like industriousness” wrote a nineteenth-
century biographer. It earned him the honour that the number pi is some-
times called the ‘Ludolphian number,” but also the dubious distinction that
his name now evokes the image of the cipherer, the calculations freak. This
stereotypical image in turn evokes a question: What brings someone to un-
dertake such immense calculations? Direct usefulness was not the reason;
at that time ten decimals were more than enough for precision calculations.
What lay beyond that precision? What was he looking for? What called
him?

Ludolph did not calculate without purpose. Calculating was part of a many-
sided career.? He was the son of a merchant from Hildesheim in Germany
(not from Cologne, as his name would suggest). After a start about which we
know little he moved to the Netherlands. The young republic had secured its
territory in the provinces of Holland and Zeeland and stood at the beginning
of a boisterous economic expansion, based primarily on trade.

In 1580 Ludolph had been living for some years in Delft; he was 40 years
old and combined two professions: fencing master and teacher of reckoning.
The two activities were less widely apart than one might think: The young
sons of the new upper class should be good reckoners for the family’s business
and competent fencers for good manners.

In 1596 he published Van den Circkel (‘On the circle’). The book contains
his first calculations of pi, to 20 decimals. In 1600 Ludolph, having moved to

! The story of van Ceulen’s tombstone in the Leiden Pieterskerk is a curious episode in
the history of mathematics, until recently lacking a satisfactory ending (the stone disap-
peared in the 19th century and only a Latin version of the text on it was known). In fact it
was dissatisfaction with the state of affairs around the stone with the 35 decimals which, on
the initiative of Hendrik Lenstra, had prompted a group of Dutch mathematicians finally
to close the episode with the installation and inauguration of a fitting memorial tablet.
The text on the tablet is a reconstruction of the original Dutch text on van Ceulen’s tomb
stone. See [12] for more details.

21 have benefitted from two very detailed studies of van Ceulen’s career and mathe-
matics: [4] and [10].



Leiden, was appointed as teacher of mathematics at the new school for engi-
neers. The school, connected to the university, was created at the instigation
of Prince Maurits in order to train a corps of Dutch engineers. Ludolph
taught there until his death in 1610.

A respected burgher with a many-sided profession; and also a rich and
no doubt bustling family life; when he married Adriana Symons in 1590 he
brought with him five children from an earlier marriage, and she eight; later
at least two more children were born in the van Ceulen household.

Ludolph’s mathematical specialism was what we would now call large scale
calculations. The field had a solid reason for its existence: it was necessary
because the earth is round, and because the sun, the earth, the moon, the
planets and the stars all turn around each other. This circumstance deter-
mines night and day, the seasons, the economy, the social structures and so
forth. For all civilizations we know about, the understanding and prediction
of these motions was a prime necessity of life. It was also the first area of
socially relevant problems that was opened up by advanced mathematics,
developed by expert specialists. This had happened some 2000 years before
Ludolph’s time. The key was the geometry of circles and angles, trigonome-
try, the domain of those three Fatal Sisters governing the periodic phenomena
of this world: the sine, the cosine and the tangent.

In Ludolph’s time this branch of mathematics had acquired a new urgency:
The travels of discovery and trade to the far and new continents required
ever more and more precise calculations. Navigators had to calculate their
positions and courses from the angles they had measured along the skies with
their Jacob’s staffs. The formulas for these calculations brimmed with sines.
So sine tables were needed, and, if possible, tricks to shorten the calculations.
The tables had to be calculated and the tricks had to be found and taught.
That was the work of a small group of professional experts, the scientific
top of the large scale calculation community. They worked in astronomical
observatories, universities, and, as Ludolph, in teaching.

Ludolph’s calculations of pi in record numbers of decimals belonged to what
one might call the virtuoso fringe of the large scale calculations. They had
primarily a public relations function; they showed Ludolph’s professionalism
and brought him fame and customers.

Pi was not crucial for large scale calculations. The central problem in the
field was the calculation of sine tables. These calculations were based on the
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Figure 1: Angular section and section of the circle

so-called section of angles and of the circle: the division of an angle in 2, 3, 4,
etc. equal parts, or the division of the entire circle in equal parts, resulting in
the regular triangles, squares, pentagons, hexagons, seven-gons, eight-gons,
etc. within the circle. The rest was calculation, large scale calculation.

Top research in the field centred on these problems, and explored new
terrain. Two new things in particular: irrational numbers and algebra. Lu-
dolph worked at these topics and showed there that, apart from steel-like
industriousness, he also had inventiveness.

Irrational numbers had to do with square root extraction. In order to calcu-
late sine tables it was necessary to extract square roots, indeed to do so very
often and with many correct decimals. In order to understand and control
these calculations it was handy first to postpone the actual calculating. You

wrote only v/2, or /3, or more intricately, for instance, /34 v/2. At the end
you then had a formula which provided a good overview of the calculations
that still were to be done. The roots which you did not calculate, but just
wrote down with root-signs, were called irrational numbers. They were new
and controversial; there were even men of learning who thought they did not
exist.

Ludolph accepted them with enthusiasm. With them he could write for-
mulas for his calculations of pi. In his book on the circle they looked like
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this:
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In the now common notation the formula would look like this:

1 1
2— |24 |24 2+J2+ 25 +4/13

where the - .- indicate that I have only given the beginning and the end of
the formula.

Mathematical formulas have a typographical aesthetics which can be ap-
preciated without understanding their meaning. Curiously enough this aes-
thetics often moves in parallel with the meaning of the formula; beautiful
formula: interesting mathematics; ugly formula: boring mathematics. Those
concatenated root signs look graceful, they imply a challenge: what lies be-
hind them? Ludolph was not the only one who sensed this challenge. Francois
Viete, the top man of the field at that time, devised a formula for pi featuring
the same concatenation of square roots, in modern notation:

2 i 1+1JT 1.1 1+1JT
» V2V2 2V2\2 2\2 2\2

Viete understood the formulas somewhat better than Ludolph; but Ludolph’s
explorations were certainly near the frontiers of research at that time.

And then the algebra. Algebra, Highness, Ladies and Gentlemen, is with z. If
you're doing a sum and you don’t see immediately what number should come
out, then pretend you know that number, call it z and start calculating with
it. Sometimes you will get the answer for free, and if not, this calculating
with z will often tell you something new about your problem. In Ludolph’s
time this approach was new and very fascinating. It has indeed something
magical, for how can you solve a problem by pretending you already know
the answer? The wonder of algebra!



Calculating with z leads to equations. Reckoners in Ludolph’s time had
learned how to solve simple equations. The division of angles and of the
circle yielded new, special equations. Viete for instance, found equations like
these for the division of an angle in 2, 3, 4, etc. equal parts:

2— g% =
3z — z°
2 — 472 + zt

5z — 5z + 2°

2 — 92?2 4 62t — 25

T — 1423 + 725 =27 =

2 — 162% + 202* — 82° + 28
9z — 302° +272° — 927 + 2% =

Q& Quh Qndanq

Again they are typographically attractive, they challenge: is there a rule
behind the numbers in the equations? Yes there is such a rule, and Viete
found it. This was the beginning of the theory of the so-called cyclotomic
equations, which is, still today, an important part of algebra.

Ludolph too was fascinated by equations. Adriaan van Roomen, another
top expert of large scale calculations, suggested to Ludolph to calculate the
sides of the regular triangle, square, pentagon, hexagon, 7-gon, etc., up till
the eighty-gon (drawn within a circle with radius 1). Ludolph calculated
them, precise up to 14 decimals (see Figure 5). On that project he probably
spent more time and certainly more ingenuity than on pi. He also used
cyclotomic equations, but different from Viete’s. Here are his equations for
the 34-, the 38-, and the 158-gon respectively:

34-gon:
1::\/2~\/2+\/2—|-'\/2—|—33;
38-gon:
9z — 302 +272° — 92" + 2% =2 — z ;
158-gon:

5x—5x3+x5:\/2—\/2+\/2+\/2—33.



Again I can use the typography of the formulas to indicate what was going on.
To the left there are chunks of the equations which Viete had found earlier.
To the right is Ludolph’s specialism, his signature as it were, the concatenated
square roots. Thus, via circle division, Ludolph entered a new area of algebra
which he explored enthusiastically, finding all kind of suggestive connections.

These examples show that Ludolph did more than just calculating decimals
of pi; he functioned as a professional in a prominent branch of mathematics.
He worked on a international level; but he achieved no breakthroughs. He
was inventive, but not innovating. A mathematician of merit and, perhaps
more to the point, an enthusiastic one.

And certainly also an untiring calculator. Ludolph was indeed proud of
his 35 decimals and he often wrote about the pleasure he experienced from
calculating. About his project to calculate the sides of the regular polygons
within a circle, he wrote:

[then T was . . .] struck by such a lust and desire to find the
required numbers with the precision as proposed above [namely
precise to 14 decimals] that I considered the great labour as noth-
ing, and T attacked the work with strong resolve (and setting aside
all burdens that were heaped upon me) and did not rest before
(with God’s help) I found what was required of me ....3

And so we are brought back to the questions I posed at the beginning: What
brings someone to undertake such immense calculations? What was Ludolph
looking for? What challenge called him?

There are two elements in the story which give a clue about these ques-
tions, the tomb stone and the calculations. Ludolph was not the first to
have a mathematical result carved on his tomb stone; Archimedes, his great
example, did the same. In Archimedes’ case it was a brilliant new result
about spheres and cylinders. Having found that result Archimedes wrote a
comment which, I feel, catches the essence of the challenge of mathematics.
He noted that the properties of the sphere and the cylinder he had discovered
were inherent to the nature of these figures, and had therefore always been
true, also before he, Archimedes, discovered them for the first time.*

35, p. 177].
41, p. 2).




By saying so, of course, Archimedes emphasized his priority. But the re-
mark also characterizes the mathematical experience. It points to the feeling
that what you discover was already there before you, that the mathemat-
ical things are timeless, and that they should be exactly the way you find
them. Moreover, for experiencing that timeless necessity, it does not matter
whether the mathematics is new or already discovered by others. Neither
does it matter whether you immediately see why the things are as you find
them. On the contrary, often they are not yet really clear, but precisely for
that reason challenging and seductive: they can be made clear.

And then Ludolph’s calculations. For the number pi he calculated far beyond
what was required for practical precision. So he gave up something, namely
sense. That, of course, is why his fervent calculations raise such wonder, one
feels: this has no sense anymore. Also in the case of Ludolph’s division of
the circle something was given up: A heptagon can be easily visualized, a
15-gon perhaps also, but a 158-gon? There visualizability is given up, the
feeling that one deals with a tangible, at least mentally tangible object. What
remains is merely a rule: 158 equal sides within a circle.

Giving up things in this way requires quite some nerve, for what safe
footing is then left? As a tightrope walker, you shouldn’t be prone to ver-
tigo when following in this way the rules of calculation beyond the borders
of concrete sense and meaning. You enter the abstract, you let yourself be
guided by reasoning itself; your security lies in regularity, in following pat-
terns learned or discovered in earlier practical calculations.

Put like this, it seems an unlikely and perhaps dangerous activity. But it
is also a very human activity; isn’t it so that our brain likes nothing better
than to follow its own logics and explore the worlds in which one then is
transported? The attraction of calculating, and of mathematics in general,
is not so far from the more common seductions of the intellect. And if,
as Archimedes emphasized, you then enter a world which invites explicit
understanding, and offers the opportunity to reach that understanding, then
the attraction and the challenge of mathematics is no longer so surprising.

I mentioned earlier the virtuosity of Ludolph’s calculation of pi. Associating
this virtuosity with the medium used to publish its result — namely a tomb
stone — the image arises of an encore at the end of a concert, in which
the soloist one last time plays all the tempi, trills and flageolets he can
do. Impressive, exciting perhaps, but the encore should not take away the



memory of the rest of the concert. Something like that has happened to
Ludolph, and that is a pity, because his concert, his mathematical work,
definitely had merit.

The numbers on his tomb stone may certainly evoke a memory, but not
only one of virtuoso calculations. They are also an emblem of the circle
division problem and of the art of large scale calculation in Ludolph’s time,
with all its practical applications.

And I also like to see in Ludolph’s numbers a reference to mathematics in
general, the domain of surprising and at the same time convincing patterns
and structures, going beyond simple tangibility, precision and direct use; a
domain for which the human brain appears to posses a key. There is a chal-
lenge there, the challenge of mathematics, and it is a human, and indeed a
humane activity to accept that challenge and explore the domain.

One may admire them, then, Ludolph’s numbers, and soon we can admire
them, skilfully sculpted in a new stone. They will remind many of the
Pieterskerk’s visitors of mathematics — and if it were up to Ludolph, I think,
it would be a mathematics explored adventurously and practised with lust.
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Figures

Figure 2: Ludolph van Ceulen, portrait on the titlepage of Van den Circkel
1596 [4].
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Figure 3: Ludolph van Ceulen, portrait published 1625 [10, p. 343]
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