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Parallel lines meet at infinity



Parallel lines meet at infinity



Mistake? Parallel walls have different vanishing point?

Piazza San Marco, Canaletto, 1730–1734. Fogg Museum (Harvard Art Museums), Cambridge, MA, USA.



Not a mistake! The walls are not parallel!

Erkelens, C. J. (2020). Perspective on Canaletto’s Paintings of Piazza San Marco in Venice, Art & Perception, 8(1), 49-67. https://doi.org/10.1163/22134913-20191131



Knockoff/forgery by artist who didn’t know the geometry of the Piazza

Thirlestane Castle, Lauder, Scotland.



The horizon is perpendicularly in front of our eyes



The horizon is perpendicularly in front of our eyes
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ä How tall were the photographers?



Low vanishing point used for dramatic effect

Mantegna, St. James led to Execution, 1452.



Last supper with correct perspective

Leonardo da Vinci, The Last Supper, 1495–1498.



Last supper with false perspective

Duccio, The Last Supper, 1311.



Alternative philosophy: show each item from best angle



True perspective = cross-section of “pyramid” or “cone” of rays
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True perspective = cross-section of “pyramid” or “cone” of rays

Marolois, Opera mathematica.



True perspective = cross-section of “pyramid” or “cone” of rays
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Projections line-preserving =⇒ how to draw tiled floors

Blåsjö

Figure 1: Drawing a tiled floor.

Figure 2: Mantegna’s St. James led to Execution.

Newton’s classification of cubic curves

Let us now turn to the applications of art to geometry. Our first example is Newton’s classi-
fication of cubic curves. The classification of curves is the zoology of mathematics—indeed,
Newton spoke of dividing curves into different “species.” Art provides a picturesque criteria for
whether two curves should be considered to be of the same species or not: two curves are of
the same species if one is a projective view of the other, i.e., if when painting the picture of one
curve you obtain the other. Newton (1695), §5, used this idea to classify cubics “by shadows,”
as he said, into the five equivalence classes illustrated in figure 3 (for more details see Newton
(1981), vol. VII, pp. 410–433, Newton (1860), Ball (1890), Brieskorn and Knörrer (1986),
Stillwell (2002)). We shall show where y = x3 fits into this classification by showing that it is
equivalent to y2 = x3 (the mirror image of the middle curve in figure 3). The classification of
cubics is a natural setting for the use of projective ideas because cubics are the next step beyond
conics, which are themselves too easy: projectively, they are all the same; any section of a dou-
ble cone projected from the vertex of the cone (the eye point) onto a plane perpendicular to the
axis (the canvas) comes out as a circle.

We imagine ourselves standing on top of the flat part of y = x3 and painting its image on a
canvas standing perpendicular to the plane of the curve (figure 5a). I say that the painting comes
out looking like figure 5b. First of all, the dashed line represents the horizon. Let us focus first
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äWhich of the two women is taller?

Pieter de Hooch, 1658.



Sizes at different depths can be compared via floor

Pieter de Hooch, 1658.



ä Draw the third telephone pole

Two telephone poles standing on the side
of a straight road. Explain how to draw the
correct perspective view of the third
telephone pole. Justify your steps.

(In reality, the telephone poles are all of the
same size and equally spaced.)

Hint: Projective questions can be answered
by projective methods. That is to say: draw
using only that two points determine a line,
not using lengths, angles, or parallelism.



Viewing distance can be inferred from vanishing point of diagonals

Masaccio, Holy Trinity, Florence, 1425–1428.

äWhere should you stand to experience
the perfect perspective illusion?



Projectively equivalent

=

=

A B C = A B C



Projectively equivalent

=

Y



Perspective view of circle
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Mural in Macedonian tomb (−4th century) with ellipse wheels8 Chapter 1: Introduction

FIGURE 1.9. High precision perspectives of circles produced 310 BC: Paintings
in the tomb of Philipp III of Macedon. If this perspective wall painting was a
few hundred years old, it would already be impressive. However, it is 2300 years
old – and thus a little sensation.

310 BC) knew something about ellipses because otherwise he would not
have been able to draw perspective views of circles of such a high pre-
cision. It is uncertain if Menaichmos (380 BC–320 BC) already knew
that planar intersections of cones (and cylinders) of revolution were pro-



Projectively equivalent (visualisation: https://twitter.com/matthen2/status/1438171989160644614)

=

Y

https://twitter.com/matthen2/status/1438171989160644614


Projectively equivalent

=

Y



In projective geometry, we “see through the back of our heads”



ä Projectively equivalent?

� = 	



ä Projectively equivalent?

A B C = A C B



“Useful fictions”

Ï p
−1

Ï dx (which is both =0 and 6=0, so to speak)
Ï (parallel line)∩(parallel line)

R is enlarged to C by insisting that all algebraic equations must have roots (even if we
have to make up “imaginary” ones).

E2 is enlarged to P2 by insisting that all lines must have intersections (even if we have to
make up “imaginary” ones).



Demand the impossible

“At any given moment there is only a fine
layer between the trivial and the
impossible. Mathematical discoveries are
made in this layer.” — A. N. Kolmogorov, 1943



“What is forbidden to count, he counts.”


