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Visualisation of isometries in P2 (source: http://mediatum.ub.tum.de/doc/1210572/document.pdf)

36 CHAPTER 2. MODELING THE HYPERBOLIC PLANE

(a) Translation (b) Rotations

(c) Reflections (d) Glide reflections

Figure 2.8: Hyperbolic isometries
Are there others?

http://mediatum.ub.tum.de/doc/1210572/document.pdf


Isometry↔matrix

Euclidean Hyperbolictransformation Tpreserves metricT is an isometryd(x,y)= d(T(x),T(y))
⇐⇒ ⇒*T(x) = Mx+vM = orthogonal matrix T = L-matrix(orthonormal columns) (L-basis columns)

* almost ⇐⇒ , except H2might be flipped to −H2by an L-matrix

orthogonal matrix :=AtA= I ⇐⇒

At
 1 0 00 1 00 0 1

A=
 1 0 00 1 00 0 1


Lorentz matrix :=

At
−1 0 00 1 00 0 1

A=
−1 0 00 1 00 0 1


orthonormal basis :=

vi ·vi = 1 (unit length)
vi ·vj =0 (perpendicular)

Lorentz basis :=
vi ·L vi = { −1 i= 11 i= 2,3

vi ·L vj =0



ä Lorentz matrix determinants

Lorentz matrix A defined as
At

−1 0 00 1 00 0 1
A=

−1 0 00 1 00 0 1


The determinant of a Lorentz matrix must be:
ä 6=0
ä = 1
ä =−1
ä none of the above



ä Lorentz matrix ?= H2-isometry?
We will soon prove that:
T = Lorentz matrix ⇐⇒ T is ·L−preserving in R3
Can we conclude from this that any Lorentzmatrix is:
ä H22-preserving?Recall:

H22 =H2∪−H2 = {v ∈R3 : v ·L v=−1}
H2

−H2

ä H2-preserving?Recall:

H2 = {v ∈R3t>0 : v ·L v=−1}

ä an H2 isometry?Recall:

dH2(a,b)= arccosh(−a ·L b)
ä If not, what conditions do we need toadd? Is it enough to add:

ä ∃p ∈H2 such that T(p) ∈H2?



d-preserving in H2 ⇐⇒ ·L-preserving in H2Since d and ·L are inter-expressible:
d(a,b)= arccosh(−a ·L b)
a ·L b=−cosh(d(a,b))

In more detail:
Theorem. Isometries T :H2→H2 preserve ·L.
Proof. Recall the definition:

d(a,b) := arccosh(−a ·L b)
Equivalently: a ·L b=−cosh(d(a,b)) (*)
Thus T(a) ·L T(b) =−cosh(d(T(a),T(b))) by *

=−cosh(d(a,b)) since T is an isometry
= a ·L b by *



o-preserving H2 isometry = matrix

arccosht
t

o
o

a

a
Ï Let T be an o-preserving H2 isometry.
Ï T preserves d to o =⇒ T preservest-coordinate (T(©)=©)
Ï The “flattening function” a 7→ a is abijection H2↔R2.
Ï Consider the “flattened T” T: ifT(t,x,y)= (t′,x′,y′) thenT(x,y)= (x′,y′).

Ï T is ·L-preserving: a ·Lb= T(a) ·LT(b) or
−tatb+xaxb+yayb =−t′at′b+x′ax′b+y′ay′b
and t-preserving (hence tatb = t′at′b), so

xaxb+yayb = x′ax′b+y′ay′b
=⇒ T is ·-preserving =⇒ T isdE2-preserving =⇒ T is an E2isometry.

Ï T is an o-preserving E2 isometry =⇒ Tis an orthogonal matrix A.
Ï T is t-preserving

=⇒ T((t,x,y))= (t,T(x,y)) =⇒

T =
( 1 00 A

)



any H2 isometry = matrix

Ï Known for o-preserving isometries.
Ï Let T be any H2 isometry.
Ï By combining the known isometriesrotation

 1 0 00 cosφ −sinφ0 sinφ cosφ



and translationcoshs sinhs 0sinhs coshs 00 0 1


we can find an isometry invertiblematrix S such that S◦T(o)= o.
Ï S◦T = o-preserving isometry = matrix.
Ï T = S−1︸︷︷︸matrix

◦ S◦T︸︷︷︸matrix
= matrix.



What kinds of matrices occur in H2 isometries?

M=
 | | |m1 m2 m3

| | |

 d-preserving in H2

⇐⇒M ·L-preserving in H2
⇐⇒M ·L-preserving in E3

⇐⇒


mi ·Lmi =

{ −1 i= 1
1 i= 2,3

mi ·Lmj =0
⇐⇒Mt

−1 0 00 1 00 0 1
M=

−1 0 00 1 00 0 1


⇐⇒ follows from the interexpressibility ofd and ·L:
d(a,b)= arccosh(−a ·L b)
a ·L b=−cosh(d(a,b))



What kinds of matrices occur in H2 isometries?

M=
 | | |m1 m2 m3

| | |

 d-preserving in H2

⇐⇒M ·L-preserving in H2
⇐⇒M ·L-preserving in E3

⇐⇒


mi ·Lmi =

{ −1 i= 1
1 i= 2,3

mi ·Lmj =0
⇐⇒Mt

−1 0 00 1 00 0 1
M=

−1 0 00 1 00 0 1


Proof of =⇒ . Let

a=
 100

 b=

p210

 c=

p201


a,b,c ∈H2 since t2 = 1+x2+y2.Span(a,b,c)=R3 since linearly independent:

det(a,b,c)=
∣∣∣∣∣∣
1 p2 p20 1 00 0 1

∣∣∣∣∣∣= 1 6=0

So any v ∈R3 can be expressed in this basis:v= v1a+v2b+v3c.



What kinds of matrices occur in H2 isometries?

M=
 | | |m1 m2 m3

| | |

 d-preserving in H2

⇐⇒M ·L-preserving in H2
⇐⇒M ·L-preserving in E3

⇐⇒


mi ·Lmi =

{ −1 i= 1
1 i= 2,3

mi ·Lmj =0
⇐⇒Mt

−1 0 00 1 00 0 1
M=

−1 0 00 1 00 0 1


Proof of =⇒ (cont.)
Mv ·LMw

=M(v1a+v2b+v3c) ·LM(w1a+w2b+w3c)
use basis vectors a,b,c ∈H2

=(v1Ma+v2Mb+v3Mc) ·L (w1Ma+w2Mb+w3Mc)
M = matrix =⇒ linear

=v1Ma ·Lw1Ma+v1Ma ·Lw2Mb+·· ·
x ·L (y+ z)= x ·L y+x ·L z (cf. −t1t2+x1x2+y1y2)

=v1w1Ma ·LMa+v1w2Ma ·LMb+·· ·
x ·L ky= k(x ·L y)

=v1w1a ·L a+v1w2a ·L b+·· ·
M ·L-preserving on H2 vectors by hypothesis

=(v1a+v2b+v3c) ·L (w1a+w2b+w3c)
=v ·Lw



What kinds of matrices occur in H2 isometries?

M=
 | | |m1 m2 m3

| | |

 d-preserving in H2

⇐⇒M ·L-preserving in H2
⇐⇒M ·L-preserving in E3

⇐⇒


mi ·Lmi =

{ −1 i= 1
1 i= 2,3

mi ·Lmj =0
⇐⇒Mt

−1 0 00 1 00 0 1
M=

−1 0 00 1 00 0 1


Proof of ⇐⇒
Mv ·LMw

=(v1m1+v2m2+v3m3) ·L (w1m1+w2m2+w3m3)
matrix multiplication written out in terms of cols

=v1w1m1 ·Lm1+v2w2m2 ·Lm2+v3w3m3 ·Lm3
+ (cross terms)
expanding using calculation rules for ·L

=−v1w1+v2w2+v3w3︸ ︷︷ ︸v·Lw
⇐⇒m1,m2,m3 have the Lorentz basis properties



What kinds of matrices occur in H2 isometries?

M=
 | | |m1 m2 m3

| | |

 d-preserving in H2

⇐⇒M ·L-preserving in H2
⇐⇒M ·L-preserving in E3

⇐⇒


mi ·Lmi =

{ −1 i= 1
1 i= 2,3

mi ·Lmj =0
⇐⇒Mt

−1 0 00 1 00 0 1
M=

−1 0 00 1 00 0 1


Proof of ⇐⇒

Mt
−1 0 00 1 00 0 1

M
=

— m1 —— m2 —— m3 —
−1 0 00 1 00 0 1

 | | |m1 m2 m3
| | |


=

— m1 —— m2 —— m3 —
−| −| −|m1 m2 m3

| | |


=

m1 ·Lm1 m1 ·Lm2 m1 ·Lm3m2 ·Lm1 m2 ·Lm2 m2 ·Lm3m3 ·Lm1 m3 ·Lm2 m3 ·Lm3


=

−1 0 00 1 00 0 1


⇐⇒m1,m2,m3 have the Lorentz basis properties



äWhat do the Lorentz basis conditions say about thegeometry/positions/directions of the basis vectors?
Recall: x ·L v∼ how much x “agrees with”(points in the same direction as) v′ (themirror image of v in the xy-plane)

x y

t

0 1 2 3
v′ = (−A,B,C)

−1−2−3

v= (A,B,C)


vi ·L vi = { −1 i= 1

1 i= 2,3
vi ·L vj =0

{v ·L v=−1}

{v ·L v= 1}



ä Visualise the Lorentz bases

vi ·L vi = { −1 i= 1

1 i= 2,3
vi ·L vj =0

{v ·L v=−1}

{v ·L v= 1}

identity:
 1 0 00 1 00 0 1


reflection:

 1 0 00 1 00 0 −1


rotation:
 1 0 00 cosφ −sinφ0 sinφ cosφ


translation:

coshs sinhs 0sinhs coshs 00 0 1


glide reflection:
coshs sinhs 0sinhs coshs 00 0 −1





ä Example with first column 6∈H2

A=
−1 0 00 −1 00 0 −1


Ï is a Lorentz matrix
Ï is not an H2 isometry
Ï columns form a Lorentz basis

With respect to standard basis:
reflection T =

 1 0 00 1 00 0 −1


Write T as a matrix with respect to the basisgiven by the columns of A. In other words:if
p= a

−100
+b

 0
−10

+c
 00
−1



then the coordinates of the reflected p inthis basis is
M

abc


whereM=

ä

 1 0 00 1 00 0 −1


ä

−1 0 00 −1 00 0 1


ä

−1 0 00 −1 00 0 −1




What are all possible Lorentz matrices?
As in the Euclidean case:

M 3×3 matrix =⇒ ∃ real eigenvalue λ

Euclidean isometryM preserves · so:
v ·v=Mv ·Mv= λv ·λv= λ

2v ·v
=⇒ λ=±1

Hyperbolic isometryM preserves ·L so:
v ·L v=Mv ·LMv= λv ·L λv= λ

2v ·L v
=⇒ λ=±1 or v ·L v=0

The “new” case v ·L v=0 corresponds to anew kind of isometry.

v ·L v=0 =⇒ −t2+x2+y2 =0
=⇒ v is asymptotic to H2

For example
v=

 110


x y

t

v



Is there a Lorentz matrix with eigenvector (1,1,0)?
Start with a general matrixM. Impose thecondition that (1,1,0) is an eigenvector:m11 m12 m13m21 m22 m23m31 m32 m33

 110
=

m11+m12m21+m22m31+m32

=
λ

λ0


This restrictsM tom11 λ−m11 m13m21 λ−m21 m23m31 −m31 m33


There are 7 unknowns left. RequiringM tobe a Lorentz matrix

mi ·Lmi =
{ −1 i= 1

1 i= 2,3
mi ·Lmj =0

imposes an additional 6 conditions
·L m1 m2 m3m1 −1 0 0m2 0 1 0m3 0 0 1

suggesting that there should be aone-parameter family of solutions. Indeedit turns out that

M=


p2+22 −p22 p
p22 2−p22 pp −p 1






p2+22 −p22 p
p22 2−p22 p
p −p 1

 visualised in H2
p=0 (identity) p=0.4 p=0.8

p= 1.2 p= 1.6 p= 2

p= 2.4 p= 2.8 p= 3.2



Isometry 
p2+22 −p22 p
p22 2−p22 p
p −p 1

 visualised
Plane y= c(t−x) 7→ plane y= (c+p)(t−x).The planes all share the eigenvector axis.
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Net zoals bij glijspiegelingen in E2 kunnen we ook eerst transleren en daarna
spiegelen.

Voorbeeld 4.6.5. Tenslotte is er de rotatie om een ideaal punt. Deze kan
het beste worden gevisualiseerd op de Poincaréschijf: neem een ideaal punt,
bijvoorbeeld het punt (1, 0). De rotatie om het punt (1, 0) schuift de lijnen van
de Poincaréschijf die door (1, 0) gaan door, zoals in Figuur 4.10.

Figuur 4.10: Een ‘rotatie’ om het ideale punt (1, 0).

Op de hyperbolöıde H2 wordt deze isometrie gegeven door de volgende Lorentz-
matrix: 0

B@
p2+2

2
�p2

2 p
p2

2
2�p2

2 p
p �p 1

1
CA

voor een zekere reële waarde van p. Op de hyperbolöıde kun je hierover na-
denken als dat de groothyperbool y = c(t � x) voor een constante c 2 R wordt
doorgeschoven naar y = (c + p)(t � x).

Opgave 4.17.F Bepaal de eigenwaarden en de eigenvectoren van de Lorentzma-
trix uit Voorbeeld 4.6.5. Welke meetkundige interpretatie kun je geven aan de
eigenvectoren?

Merk op dat de determinant van de matrix horend bij de translaties en rotaties
(inclusief die om een ideaal punt) gelijk is aan 1, terwijl de determinant van de
matrix horend bij spiegelingen en glijspiegelingen gelijk is aan �1. De eerste
soort noemen we direct en de tweede soort indirect, net zoals bij de isometrieën
van de Euclidische ruimte.

4.7 Classificatie van isometrieën van H2

Net zoals de orthogonale matrices allemaal een bepaalde vorm hebben ten op-
zichte van een bepaalde basis (zie Stelling 2.4.9), geldt dit ook voor Lorentz-

“Rotation about ideal point.”



Isometries of H2

identity
 1 0 00 1 00 0 1



reflection
 1 0 00 1 00 0 −1



rotation
 1 0 00 cosφ −sinφ0 sinφ cosφ





translation
coshs sinhs 0sinhs coshs 00 0 1



glide reflection
coshs sinhs 0sinhs coshs 00 0 −1



rotation about ideal point

p2+22 −p22 p
p22 2−p22 pp −p 1





Comparison of rotations, ideal point rotations, translationsrotation ideal point rotation translation

(Needham, Visual Complex Analysis)
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As a simple check of this formula, note that as z moves toward the unit circle (the 
horizon), H{O, z )  tends to infinity, as it should. 

11 Motions of the Poincare Disc 
In the upper half-plane we found that every direct motion was the composition 
of two h-reflections, and every opposite motion was the composition of three h- 
reflections. Since the intrinsic geometry of the PoincarC disc is identical to the 
upper half-plane, this result must still be true, so it only remains to find out what 
h-reflection means in the disc. In the upper half-plane we saw that h-reflection in 
an h-line K meant geometric inversion in K,  and the same is true in the Poincare' 
disc! 

This is easy to understand. In the upper half-plane, q is the h-reflection of p 
in K means that p and q are symmetric (in the sense of inversion) in K. In order 
to make the Poincare disc isometric to the upper half-plane, we insisted that the 
mapping z I+ 7 =_ D(z) preserve hyperbolic distance. In particular, q" is the h- 
reflection of p" in K. But D(z)  is a Mobius transfonnation,_and so the Symmetry 
Principle [see p. 1481 implies that p" and q" are symmetric in K,  as was to be shown. 

Thus every direct motion M of the PoincarC disc has the form 

where L1 and L2 are h-lines, namely, arcs of circles orthogonal to the unit circle. 
As in the upper half-plane, every direct motion is therefore a non-loxodromic 
Mobius transformation. We already know that there are just three hyperbolically 
distinguishable types of direct motion, and the distinction between them in terms 
of L1 and L2 is the same as before: we get an h-rotation when they intersect, 
a limit rotation when they are asymptotic, and an h-translation when they are 
ultra-parallel. We will discuss the formula for these Mobius transformations in a 
moment, but first let's draw pictures of them. 

Figure [37a] shows a typical h-rotation; note the appearance of h-circles with 

Figure 1371 
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a common h-centre. Figure [37b] illustrates the pleasant fact that if L1 and L2 in- 
tersect at the origin (in which case they are Euclidean diameters) then the resulting 
h-rotation manifests itself as a Euclidean rotation. 

In this connection, we offer a word of warning. As Euclidean beings, we suffer 
from an almost overwhelming temptation to regard the centre of the PoincarC disc 
as being special in some way. One must therefore constantly remind oneself that 
to the Poincarites who inhabit the disc, every point is indistinguishable from every 
other point. In particular, the Poincarites do not see any difference between [37a] 
and [37b]. 

Figure [38a] illustrates a typical limit rotation generated by an L1 and an L2 
that are asymptotic at a point A on the horizon. Once again note that the invariant 
curves are horocycles touching at A, and that these are orthogonal to the family of 
h-lines that are asymptotic at A. 

Figure [38] 
Finally, [38b] illustrates a typical h-translation. Once again, note that there is 

precisely one invariant h-line [shown in bold], and that the invariant equidistant 
curves are arcs of circles through the ends of this axis. 

From our work in the upper half-plane we know that the three types of motion 
pictured above are the only direct motions of the Poincar6 disc, and we now turn 
to the formula that describes them. We know that every direct motion is a Mobius 
transformations that maps the unit disc into itself, and at the end of Chapter 3, with 
malice aforethought, we investigated these "Mobius automorphisms" of the unit 
disc. We found [see (51), p. 1781 that the formula representing the most general 
one M$ (z) is 

z - a  M," ( z )  = ei%a (z), where Ma (z) = 7 
a z -  1 '  

Thus M$ is the composition of Ma and a rotation of c$ about the origin. 
Recall that Ma swaps a and 0: M(a) = 0 and M(0) = a. More generally, 

Ma swaps every pair of points z, Ma (2 ) :  the transformation is involutory. This is 
explained by [39a], which recalls the result illustrated in [39], p. 179: 
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fixed points 1 in interior 0 in interior 0 in interior1 ideal on boundary 2 ideal on boundary
invariant curves circles centered “circles” touching line of translation and(“orbits” of points on fixed point fixed point its equidistant curvesunder repeated T)

ä Interpret in terms of the pseudo-sphere.



ä Example: reflection in given plane
Let ` be the line (great hyperbola)determined by the plane span(v1,v2)where v1 = (

p2,0,1) and v2 = (0,1,0).

The reflection Rfl` = ( 1 0 00 1 00 0 −1
) with respect

to a suitable Lorentz basis
vi ·L vi = { −1 i= 1

1 i= 2,3
vi ·L vj =0

ä Find such a basis. v3=
(1,0,

p2), (1,0,−
p2), (p2,0,1),

(
p2,0,−1), (−p2,0,1), (−p2,0,−1)

ä Is v3 uniquely determined?
ä Yes. ä No, −v3 also works. ä No,other.

ä In the new basis, o=
(1,0,

p2), (1,0,−
p2), (p2,0,1),

(
p2,0,−1), (−p2,0,1), (−p2,0,−1)

ä Rfl`(o)=
(1,0,

p2), (1,0,−
p2), (p2,0,1),

(
p2,0,−1), (−p2,0,1), (−p2,0,−1)

ä d(o,v1)= arccosh(−o ·L v1)=
ä d(Rfl`(o),Rfl`(v1))=



ä 2nd example: reflection in given plane
Let ` be the line (great hyperbola)determined by the plane 2t=p3x+p3y.

The reflection Rfl` = ( 1 0 00 1 00 0 −1
) with respect

to a suitable Lorentz basis
vi ·L vi = { −1 i= 1

1 i= 2,3
vi ·L vj =0

ä What is the “simplest” point on `?
ä What conditions do v2 need to fulfil?(Consider Rfl` matrix and Lorentz basisconditions.) Find the “simplest” v2.

Finding v3 is straightforward algebra fromthe Lorentz basis conditions.
ä Is v3 uniquely determined? Or would

−v3 work equally well?


